We derive, using dimensional analysis and finite element calculations, several scaling relationships for conical indentation in elastic-plastic solids with work hardening. Using these scaling relationships, we examine the relationships between hardness, contact area, initial unloading slope, and mechanical properties of solids. The scaling relationships also provide new insights into the shape of indentation curves and form the basis for understanding indentation measurements, including nano-and micro-indentation techniques. They may also be helpful as a guide to numerical and finite element calculations of indentation problems.
I. INTRODUCTION
For nearly one hundred years, indentation experiments have been performed to obtain the hardness of materials. 1 Recent years have seen significant improvements in indentation equipment and a growing need for measuring the mechanical properties of materials on small scales. With the improvement in indentation instruments, it is now possible to monitor, with high precision and accuracy, both the load and displacement of an indenter during indentation experiments in the respective micro-Newton and nanometer range. [2] [3] [4] In addition to hardness, basic mechanical properties of materials, such as Young's modulus, yield strength, and workhardening exponent, may be deduced from the indentation load versus displacement curves for loading and unloading. For example, Oliver and Pharr 5 and Doerner and Nix 6 have proposed methods for determining the hardness and Young's modulus from the peak load and the initial slope of the unloading curves. Finite element methods have also been used to extract the mechanical properties of materials by matching the simulated loading and unloading curves with that of the experimentally determined ones. [7] [8] [9] [10] Recently, significant efforts have been made to better understand the general form of indentation loading and unloading curves. For example, several empirical formulae have been proposed for the loading curves in terms of the Young's modulus and hardness. 11, 12 Loading curves have also been discussed using energetic considerations of reversible and irreversible parts of the indentation induced deformations. 13, 14 Using dimensional analysis and finite element calculations, we have recently derived scaling relationships for indentation in elastic-perfectly plastic solids using conical indenters. 15, 16 In this article, we extend the scaling approach to the analysis of conical indentation in elastic-plastic solids with work hardening. We derive, using dimensional analysis and finite element calculations, simple scaling relationships for loading and unloading curve, initial unloading slope, contact depth, and hardness. We show that hardness is a function of basic mechanical properties of solids, such as Young's modulus, initial yield strength, and work-hardening exponent. The new results are compared with the classic results of Tabor for conical indentation in metals. 1, 17 These scaling relationships provide new insights into the shape of indentation curves and should, therefore, be useful for the interpretation of results obtained by instrumented indentation techniques, including nano-and micro-indentation measurements. They may also be helpful as a guide to numerical and finite element calculations of conical indentation problems.
II. DIMENSIONAL ANALYSIS
We consider a three-dimensional, rigid, conical indenter of a given half angle, , indenting normally into an elasticplastic solid with work hardening. The stress-strain ͑-⑀͒ curves of the solids under uniaxial tension are assumed to be given by ϭE⑀, for ⑀рY /E, ͑1͒ ϭK⑀ n , for ⑀уY /E, coefficient at the contact surface between the indenter and the solid is zero. Unlike the cases of indenting into elastic-or rigid-plastic solids, this problem involving elastic-plastic solids with work hardening has no analytical solution.
A. Dimensional analysis of loading
In general, the quantities of interest from the loading portion of indentation measurements include the force (F) and the contact depth (h c ) ͑Fig. 1͒, from which the contact radius (a) and the hardness under load (H) can be evaluated,
͑3͒
For an isotropic elastic-plastic solid obeying the workhardening rule Eq. ͑1͒, the two dependent variables, F and h c , must be functions, f L and g, of all the independent governing parameters, namely, Young's modulus (E), Poisson's ratio ͑͒, initial yield strength (Y ), work-hardening exponent (n), indenter displacement (h), and indenter half angle ͑͒:
Among the six governing parameters, E, , Y , n, h, and two of them, namely, E and h, have independent dimensions. The dimensions of Y , , n, , F, and h c are then given by ͓Y ͔ϭ͓E͔,
͓h c ͔ϭ͓h͔.
Applying the ⌸ theorem in dimensional analysis, 20 we obtain:
where ⌸ ␣ ϭF/Eh 2 , ⌸ ␤ ϭh c /h, ⌸ 1 ϭY /E, , n, and are all dimensionless.
Based on the above dimensional analysis, we can make several observations for a rigid conical indenter with a given half angle, , indenting into an elastic-plastic solid with work hardening. First, the force on the indenter, F, is proportional to the square of the indenter displacement, h. Second, the contact depth, h c , is proportional to the indenter displacement, h, i.e., the ratio, h c /h, is independent of the indenter displacement, h, and is a function of Y /E, , n, for a given . Consequently, the hardness, defined in Eq. ͑3͒, is independent of indenter displacement, h, or indenter load, F.
B. Dimensional analysis of unloading
Because unloading takes place after loading during which the indenter reaches the maximum depth, h m , the force, F, is now a function, f U , of seven independent governing parameters: Young's modulus (E), Poisson's ratio ͑͒, initial yield strength (Y ), work-hardening exponent (n), indenter displacement (h), maximum depth (h m ), and indenter half angle ͑͒:
Dimensional analysis yields
͑10͒
where ⌸ ␥ ϭF/Eh 2 , ⌸ 1 ϭY /E, ⌸ 2 ϭh/h m , , n, and are all dimensionless. In contrast to loading, Eq. ͑10͒ shows that the force, F, is, in general, no longer simply proportional to the square of the indenter displacement, h. It also depends on the ratio, h/h m , through the dimensionless function ⌸ ␥ .
We now consider the initial unloading slope dF/dh. Taking the derivative with respect to the indenter displacement and evaluating it at h m , Eq. ͑10͒ becomes
͑11͒
Consequently, the dimensionless quantity,
is independent of h/h m and is a function, ⌸ ␦ , of Y/E, , n, and . Equation ͑12͒ shows that the initial unloading slope is proportional to h m in each indentation experiment for which E, , Y , n, and are fixed.
III. FINITE ELEMENT ANALYSIS
Finite element calculations using ABAQUS 21 have been carried out to illustrate the scaling relationships given by Eqs. ͑7͒, ͑8͒, ͑12͒, and to evaluate the dimensionless functions ⌸ i (Y /E,,n,)(iϭ␣,␤,␦). In a previous study, we have examined these functions in detail for elasticperfectly plastic solids ͑i.e., nϭ0.0͒, including the effects of Poisson's ratio ͑ϭ0.2, 0.3, and 0.4͒. For the present calculations, the frequently used half angle of 68°for the rigid indenter and a typical Poisson's ratio of 0.3 for the solid are chosen to illustrate the essential physics of conical indentation in elastic-plastic solids with work hardening. To simplify notation,
The rate-independent, incremental theory of plasticity in ABAQUS was used for the finite element calculations. In particular, the plasticity theory uses the Mises yield surface model with associated plastic flow rule. The hardening rule used was that of isotropic hardening and the hardening curves were given by Eq. ͑1͒. Table I summarizes the parameters, E, Y , n, used for the finite element calculations. The finite element model has been discussed in detail previously. 15, 16 In particular, it was shown that the results of finite element calculations for indentation loading curves approach that predicted by slip-line field theory for rigid-plastic solids and agree with that for elastic solids. 
IV. RESULTS AND DISCUSSION
A. Indentation loading curves Figure 2 shows examples of the calculated loading curves for several sets of values of E, Y , and n. The loading curves were fitted with a power function: Fϭah x , where a and x are two fitting parameters. The exponent, x, obtained from all simulations, such as that shown in Fig. 2 is between 1.98 and 2.03. The finite element calculations thus show that the force, F, is proportional to the square of the displacement, h, for conical indenter indenting a homogeneous solid with or without work hardening, as expected from dimensional analysis Eq. ͑7͒. This square dependency is further illustrated in dimensionless form in Fig. 3 for the loading and unloading curves scaled by the respective maximum depth, h m , and maximum force, F m . Since work hardening does not change the square dependence, loading curves from conical indentation alone cannot be used to detect whether material work-hardens.
The relationships between F/Eh 2 and Y /E are illustrated in Fig. 4 . Clearly, these two quantities lie on a single curve for each value of n, as predicted from dimensional analysis. Thus, F/Eh 2 is a function of both Y /E and n, i.e., F ϭEh 2 ⌸ ␣ (Y /E,n). As expected, work hardening has a greater effect on the force required to move the indenter for 5 smaller ratio of Y /E. For a large ratio of Y /E, the value of F/Eh 2 approaches that for purely elastic contact with or without work hardening. Figure 4 shows that, in general, loading curves alone cannot uniquely determine both Y /E and n. Thus, caution must be exercised when mechanical properties of solids are extracted by matching the computed indentation loading curves with that obtained from experiments. Figure 6 shows examples of calculated h c vs h for several sets of values of E, Y, and n. The predicted linear dependence, Eq. ͑8͒, is evident. Figure 7 displays the relationship between the calculated h c /h and Y /E for several values of n. It is apparent that the ratio h c /h is a function of both Y /E and n, as predicted by dimensional analysis. Furthermore, the value of h c /h can be either greater or smaller than one, corresponding to the ''piling-up'' and ''sinking-in'' of the displaced surface profiles, respectively. For large Y /E, sinking-in occurs for all values of nϾ0. For small Y /E, both sinking-in and piling-up may occur depending on the degree of work hardening. In the case of severe work hardening ͑i.e., nϭ0.5͒, sinking-in is expected even for very small values of Y /E, whereas piling-up is expected for elasticperfectly plastic solids and for solids with a small workhardening exponent ͑e.g., nϭ0.1͒. These simulation results are expected from analytical theories of conical indentation in elastic solids of Sneddon, 22 where sinking-in occurs, and in rigid-plastic solids of Lockett, 23 where piling-up occurs. They are also consistent with experimental observations of sinking-in and piling-up phenomena reported in the literature. For example, in metals such as Cu and mild-steel, where Y /E is small, sinking-in is usually observed in fully-annealed specimens, whereas piling-up is seen in heavily work-hardened samples. 17, 24, 25 In general, therefore, piling-up and sinking-in phenomena are determined by Y /E, as well as the work-hardening exponent, n. Figure 2 also shows examples of calculated unloading curves. The unloading slope was obtained from a linear fit to the first two or three points on the unloading curves. ͑Care was taken so that there were sufficient number of points close together to represent initial unloading.͒ The initial unloading slopes are plotted against the maximum depth h m in Fig. 8 for several values of h m . A linear relationship between the initial unloading slope and the maximum depth is evident, confirming the predictions of Eq. ͑12͒. From Fig.  9 , it is clear that (1/Eh m ) (dF/dh)͉ hϭh m is a function of both Y /E and n, i.e., ͑1/Eh m ) (dF/dh)͉ hϭh m ϭ⌸ ␦ (Y /E,n), as given by dimensional analysis.
B. Contact depth, sinking-in, and piling-up

C. Initial unloading slope, contact area, and Young's modulus
As an application of the scaling relationships, we consider the relationship between the initial unloading slope, the contact radius, and Young's modulus of materials. Using Eqs. ͑2͒, ͑8͒, and ͑12͒ we obtain 
͑15͒
We evaluate ͓(1Ϫ 
ϭ2. ͑17͒
Equation ͑17͒ was initially derived for indentation into elastic solids. 22, 26 Using the infinitesimal theory of continuum mechanics, we have recently generalized it to the initial unloading in elastic-plastic solids using indenters with axisymmetric smooth profiles. 27 Furthermore, we have shown that Eq. ͑17͒ holds true even for materials with work hardening and residual stress.
While Eq. ͑17͒ was derived using linearized boundary conditions and infinitesimal theory of continuum mechanics, our finite element calculations take into account nonlinear effects, including large strain and moving contact boundaries. Therefore, the small difference in numerical values for ͓(1Ϫ 2 )/Ea͔ (dF/dh)͉ hϭh m between that given by Eqs.
͑16͒ and ͑17͒ is not unexpected. In fact, Tanaka and Koguchi 28 and Bolshakov and Pharr 29 have shown that ͓(1 Ϫ 2 )/Ea͔ (dF/dh)͉ hϭh m is about 2.09 and 2.l6, respectively, after taking into account the finite radial displacements of points along the surface of contact. While their analyses were for conical indentation in elastic solids, 28, 29 Eq. ͑16͒ is a generalization to elastic-plastic solids with work hardening.
D. Relationship between hardness and mechanical properties
We now consider the relationship between hardness, elastic and plastic properties of solids. Using Eqs. ͑2͒, ͑3͒, ͑7͒ and ͑8͒ the ratio of hardness to initial yield strength is given by
Clearly, the hardness is independent of the depth of indentation, h. The ratio H/Y is, in principle, a function of Y /E, , n, as well as indenter geometry ͑͒. Taking ϭ68°and ϭ0.3 for example, the dependence of H/Y on Y /E and n is illustrated in Fig. 11 . It is apparent that, over the practically relevant range of Y /E, the ratio H/Y is not a constant. The hardness, H, depends on Y , E, and n. As expected, work hardening has a greater effect on the hardness value for small ratio of Y /E. For large ratio of Y /E, the hardness value approach 1.7 times the initial yield strength, Y , and is insensitive to n. For small ratios of Y /E, the hardness value can be many times that of the initial yield strength, Y . In practice, it is therefore possible to estimate directly from hardness measurements the representative yield stress, Y 0 , for materials with a small ratio of Y /E and the initial yield stress, Y , for materials with a large Y /E.
V. SUMMARY
Using dimensional analysis and finite element calculations we have derived several scaling relationships for conical indentation in elastic-plastic solids with work hardening. We have shown that, for loading, the force on the indenter is proportional to the square of the indenter displacement. The contact depth is proportional to the indenter displacement. For unloading, the initial unloading slope is proportional to the depth of indentation. These scaling relationships imply:
͑1͒ The ''effective'' yield stress, given by the geometric mean of initial yield stress and strength coefficient, i.e., (Y K) 1/2 , can be determined from indentation loading curves, provided the Young's modulus is known.
͑2͒ Loading curves alone cannot detect work hardening in materials.
͑3͒ The sinking-in and piling-up of the surface profiles are determined by the ratio of the initial yield stress and Young's modulus, Y /E, as well as the degree of workhardening, n.
Furthermore, using these scaling relationships we have determined relationships between hardness, contact area, initial unloading slope, and mechanical properties of solids. Specifically, we have shown that, although the contact radius, a, and the initial unloading slope, dF/dh, at a given indenter displacement are both functions of Y /E and the work-hardening exponent n, the ratio, ͓͑1Ϫ
2 )/ Ea] (dF/dh), is roughly a constant. Thus, the elastic constant, E/(1Ϫ 2 ), can indeed be evaluated from the initial unloading slope, provided that the contact radius, a, is known.
We have also shown that the ratio of hardness to the initial yield strength (H/Y ) is a function of the ratio of initial yield strength to Young's modulus (Y /E) and workhardening exponent n. For large Y /E, H is about 1.7Y and is relatively insensitive to n. The initial yield strength can, therefore, be estimated from hardness measurement. An approximate scaling relationship between H/(K⑀ 0 n ) and Y /E is shown to exist. This implies that Tabor's concept of representative yield stress, Y 0 , which corresponds to a representative strain of 8-10%, applies to conical indentation. However, H/(K⑀ 0 n ) is shown to be a function of Y /E. This function approaches Tabor's relationship, Hϭ2.8Y 0 , as Y/E approaches zero.
Although the scaling relationships have been derived for conical indentation, the same approach can be applied to indentation using pyramidal indenters, since pyramidal indenters are also geometrically self-similar. The scaling approach is also not limited by the assumptions of rigid indenter and zero friction between indenter and solid. For example, we consider indentation in elastic-plastic solids with work hardening using an elastic, pyramidal indenter. Let ⌰ be the set of angles that describe the shape of a pyramidal indenter, E i the Young's modulus of the indenter, i its Poisson's ratio, and the friction coefficient for the interface between the indenter and solid, dimensional analysis shows that for loading the force is given by 
͑21͒
Obviously, three-dimensional finite element calculations are needed to evaluate the dimensionless functions in Eqs. ͑20͒ and ͑21͒. Such calculations, though computationally intensive, are within the current capabilities of commercial finite element software. It is evident, however, that the functional dependence, such as Fϰh 2 and the independence of hardness on h, remains the same as that for conical indentations. We therefore believe that the results for rigid conical indentation presented here capture the essential features of indentation in elastic-plastic solids with work hardening. In fact, the scaling relationships have been used to establish a new correlation between hardness, elastic modulus, and the work of indentation. 30 
